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1. Introduction

The classical congruence subgroup problem (CSP) asks for, say, G = SL,, (Z) or
G = GL, (Z), whether every finite index subgroup of G contains a principal congruence
subgroup, i.e. a subgroup of the form G (m) = ker (G — GL,, (Z/mZ)) for some 0 #
m € Z. Equivalently, it asks whether the natural map G — GLn(Z) is injective, where
G and Z are the profinite completions of the group G and the ring Z, respectively. More
generally, the CSP asks what is the kernel of this map. It is a classical 19th century result
that the answer is negative for n = 2. Moreover (but not so classical, cf. [20,15]), the
kernel, in this case, is F,, — the free profinite group on a countable number of generators.
On the other hand, for n > 3, the map is injective and the kernel is therefore trivial.

The CSP can be generalized as follows: Let I' be a group and M a finite index
characteristic subgroup of it. Denote:

G (M) = ker (Aut (T') — Aut (T'/M)) .

Such a finite index normal subgroup of G = Aut (I'") will be called a “principal congruence
subgroup” and a finite index subgroup of G which contains such a G (M) for some M
will be called a “congruence subgroup”. Now, the CSP for I" asks whether every finite
index subgroup of G is a congruence subgroup. When T is finitely generated, Aut(f‘)
is profinite and the CSP is equivalent to the question (cf. [8], §1 and §3): Is the map
G = Am) — Aut (D) injective? More generally, it asks what is the kernel C (I') of this
map.

As GL,, (Z) = Aut (Z™), the classical congruence subgroup results mentioned above
can therefore be reformulated as C (Ay) = F,, while C (A,) = {e} for n > 3, when
A, = 7" is the free abelian group on n generators.

Very few results are known when I' is non-abelian. A very surprising result was proved
in [2] by Asada by methods of algebraic geometry:

Theorem 1.1. C (Fy) = {e}, i.e., the free group on two generators has the congruence

subgroup property, namely Aut (Fy) — Aut(ﬁ‘g) is injective.

A purely group theoretic proof for this theorem was given by Bux—Ershov—Rapinchuk
[8]. Our first goal in this paper is to give an easier and more direct proof of Theorem 1.1,
which also give a better quantitative estimate: we give an explicitly constructed congru-
ence subgroup G (M) of Aut (F3) which is contained in a given finite index subgroup H
of Aut (F3) of index n. Our estimates on the index of M in Fy as a function of n are
substantially better than those of [8] — see Theorems 2.7 and 2.9.

We then turn to I' = ®5, the free metabelian group on two generators. The initial
treatment of @5 is similar to Fs, but quite surprisingly, the first named author showed
in [4] a negative answer, i.e. C'(®3) # {e}. We also give a shorter proof of this result,
deducing that:
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Theorem 1.2. C (®y) = F,.
We then go ahead from 2 to 3 and prove:

Theorem 1.3. C (®3) contains a copy of E,. In particular, the congruence subgroup prop-
erty (strongly) fails for ®s.

This is also surprising, especially if compared with an upcoming paper of the first
author [5] showing that C (®,,) is abelian for n > 4. So, while the dichotomy for the
abelian case A,, = Z" is between n = 2 and n > 3, for the metabelian case, it is between
n=2,3and n > 4.

A main ingredient of the proof of Theorem 1.3 is showing that Aut (®3) is large, i.e.
it has a finite index subgroup which is mapped onto a non-abelian free group. For this
we use the method developed by Grunewald and the second author in [13] to produce
arithmetic quotients of Aut (F),). In particular, it is shown there that Aut (F3) is large.
Our starting point to prove Theorem 1.3 is the observation that the same proof shows
also that Aut (®3) is large.

In our proof of Theorem 1.2, the largeness of Aut (P5) is also playing a crucial role.
But, a word of warning is needed here: largeness of Aut (I') by itself is not sufficient
to deduce negative answer for the CSP for I'. For example, Aut (F3) is large but has
an affirmative answer for the CSP. At the same time, as mentioned above, Aut (F3) is
large and we do not know whether F3 has the congruence subgroup property or not.
To prove Theorem 1.3 we use the largeness of Aut (®3) combined with the fact that
every non-abelian finite simple group which is involved in Aut(&)g) is already involved
in GL3 (R) for some finite commutative ring R, as we will show below.

The paper is organized as follows: In §2 we give a short proof for Theorem 1.1 and
in §3 for Theorem 1.2. Section 4 is devoted to the proof of Theorem 1.3. We close in §5
with some remarks and open problems, about free nilpotent and solvable groups.

2. The CSP for F5

Before we start, let us quote some general propositions which Bux—Ershov-Rapinchuk
bring throughout their paper.

Proposition 2.1. (cf. [8], Lemma 2.1) Let:
1—>G1g>G2£>G3—>1

be an exact sequence of groups. Assume that Gy is finitely generated and that the center
of its profinite completion G is trivial. Then, the sequence of the profinite completions

1—)@1%@2&@3—)1

s also exact.
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Proposition 2.2. (cf. 8], Corollaries 2.3, 2.4. and 2.7) Let F be the free group on the set
X, |X| > 2. Then:

1. The center of F, the profinite completion of F, is trivial.

2. Ifx,y € X, x # y, then the centralizer of [y,x] in F is Zp [y, x]) = ([y, z]), the
closure of the cyclic group generated by [y, x].

We start now with the following lemma whose easy proof is left to the reader:
Lemma 2.3. Let H < G = Aut (T) be a congruence subgroup. Then:
ker(G' — Aut (D)) = ker(H — Aut(T)).

In particular, the map G — Aut(f‘) is injective if and only if the map H — Aut(f‘) is
injective.

Denote now Fy = (x,y) = the free group on z and y. It is a well known theorem of
Nielsen (cf. [21], 3.5) that the kernel of the natural surjective map:

Aut (Fy) — Aut (F>/F3) = Aut (Z*) = GL, (Z)

is Inn(Fy), the inner automorphism group of Fs. It is also well known that the
1 2 10
0 1)’\2 1
GLy (Z) which contains ker (GLs (Z) — GLo (Z/4Z)). Now, if we denote the preimage of

< (1 2) , < L O) > under the map Aut (F3) — GLs (Z) by Aut’ (Fs), then Aut’ (F)

group > F, is free on two generators and of finite index in

01 2 1
is of finite index in Aut (F») and contains the principal congruence subgroup:

ker (Aut (F2) = GLa (Z) — GLy (Z/AZ) = Aut (F»/ (F3F}))) .

So, by Lemma 2.3 it is enough to prove that Aut’ (Fy) — Aut(F}) is injective.
Now, by the description above, we deduce the exact sequence:

1 2 1 0
1= Inn(F: Aut’ (F 1.
— Inn (Fy) — ut(2)—><<0 1>,<2 1>>—>
As L2 , Lo is free, this sequence splits by the map:
0 1 2 1
1 2 T X 1 0 T — xy2
—a= 5 5 1 — [ =
01 yr o yx yrroy
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and thus: Aut’ (Fy) = Inn (Fy) % {a, §). By Propositions 2.1 and 2.2, the exact sequence:
1 = Inn (Fy) = Aut’ (Fy) — {(«, 8) — 1 yields the exact sequence:

—_—

1 = Inn(Fy) — Aut' (Fy) — {a, §) — 1

which gives:

—

Aut! (Fy) = Inn (Fy) x {a, ).

Thus, all we need to show is that the following map is injective:

—

Inn (Fy) x (o, B) — Aut(Ey).

We will prove this, in three parts: The first part is that the map Ifmg) — Aut(ﬁg) is
injective, but this is obvious as I Wg) >~ Fy is mapped isomorphically to I nn(ﬁz) ~ .
The second part is to show that the map p : m — Aut(Fy) is injective, and the last
part is to show that the intersection of the images of I mg) and m in Aut(Ey) is
trivial, i.e. Inn(Fy) NImp = {e}.

So it remains to prove the next two lemmas, Lemma 2.4 and Lemma 2.6:

Lemma 2.4. The map (o, ) — Aut(EFy) is injective.
Before proving the lemma, we recall a classical result of Schreier:

Theorem 2.5. (cf. [21], 2.3 and 2.4) Let I' be the free group on the set X where | X| = n,
and A a subgroup of F of index m. Let T be a right Schreier transversal of A (i.e.
a system of representatives of right cosets containing the identity, such that the initial
segment of any element of T is also in T'). Then:

1. A is a free group on m - (n—1) 4+ 1 elements.

2. The set {tm (ﬁ)_l £elteT, xze X} is a free generating set for A, where for
every g € F we denote by g the unique element in T satisfying Ag = Ag.

Proof of Lemma 2.4. Define A = ker(Fy — (Z/27)%). This is a characteristic subgroup
of index 4 in F5, that by the first part of Theorem 2.5, is isomorphic to F5. We also have:
A = ker(Fy, — (Z/2Z)?), and therefore, there is a natural homomorphism: Aut(Fy) —
Aut(A) = Aut(F5) which induces the composition m — Aut(Fy) — Aut(A). Thus,
it is enough to show that the composition map m — Aut(A) is injective.

Now, let X = {z,y} and T = {1,z,y,zy} be a right Schreier transversal of A. By
applying the second part of Theorem 2.5 for X and T, we get the following set of free
generators for A:

2 —-1,.—1 2 —1 2 -1
€L =2, eE2=yry r -, €3=Y, C4=TYrYy -, C5=TY T .
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Hence, the automorphisms « and § act on A in the following way:

e = 22— 22 =e€1
€2 = yxy_lx_l — ymy‘lx_l = e3
a =1 ez =y — yxlyx? = egeqe3e]
es = ayay ' ayry ! = ey
es = vy’z 1t — zyryx = ege€5€1
e = z2 l‘ygl‘yz = ése1e3
€2 = ymy‘lx_l — ymy‘lx_l = es
B=<es=y’>—y? =e3
€4 = myxy_l — sz?’xy = €e5e4€3
es = xy’x = zyle! = e5

Let us now define the map 7 : A — («a, 8) = F5 (yes! these are the same « and ) by
the following way:

e — «
es— 1
T=<e3—~ f(
€4 > a~?t
B71

€5 —

It is easy to see that N = kerw is the normal subgroup of A generated as a nor-
mal subgroup by es, e;eq and eses, and that N is invariant under the action of the
automorphisms a and [, since:

a(es) =ey €N
a(ejeqy) =eeq €N
a(eses) = egegesereqeseser

es ((er eseq) (e3 ((eres) €2) e3 ") (eses) (eres)) eyt € N

B (e2) =e €N
B(eres) = esereseseses = es (e (eses) el_l) (e1e4) (eses)) es' €N
B (eses) =eses €N
Therefore, the homomorphism m — Aut(A) induces a homomorphism: m —
Aut(m), and thus it is enough to show that the last map is injective. Now, under
this map, a and § act on (a, ) in the following way:
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a=egtN—a(etN)=a(e1) N =e1N =«
o=

B=e3N > a(esN)=a(ez) N =eeseser N = a1 pa
5= {a =e1N— B(eaN) = (e1) N = eseresN =p"tap

B=esNw+— [(esN)=p(e3s) N =esN =p

Namely, o and § act via m on {«, ) by the inner automorphisms « and 5 and

hence (a, 3) is mapped isomorphically to Inn({(«a, 8)), yielding that the map (o, 5) —
Aut({er, B)) is injective and (o, 8) — Aut(Fy) is injective as well, as required. O

Lemma 2.6. Inn(Fy) NImp = {e}, where p : m — Aut(Fy) is the map defined above.

Proof. First we observe that o and f fix e2 = [y, ]. Thus, by the second part of Propo-
sition 2.2, we have:

Inn(Fy) NImp C Z,,, 00,y (Inn ([y, 2])) = (Inn ([y, 2])) = (Inn(ez)).

Now, as ey € keizr,\ where 7 is as defined in the proof of Lemma 2.4, the %e of
(Inn (e2)) in Inn({a, B)) is trivial. Thus, the image of Inn(Fy) NImp in Inn((a, B)) is
trivial, and isomorphic to I nn(ﬁg) N Imp as we saw that Imp is mapped isomorphically
to Inn(m). So Inn(Fy) NImp is trivial. O

This finishes the proof of Theorem 1.1. In [8], the authors give an explicit construction
of a congruence subgroup which is contained in a given finite index subgroup of Aut(ﬁ'g).
They prove the following theorem:

Theorem 2.7. (cf. [8], Theorem 5.1) Let H be a finite index normal subgroup of G =
Aut (Fy) such that Inn (Fy) < H < Aut' (Fy) and let n = [Aut’ (Fy) : H|. Pick two
distinct odd primes p,q 1 n, and set m = n - p"*L. Then, there exists an explicitly
constructed normal subgroup M < Fy of index dividing 144 - m* - q36'm4+1 such that
G (M) < H, when for a general normal subgroup M < Fy we define:

GM)={oceG|o(M)=M, o acts trivially on Fy/M} .

We end this section with a much simpler explicit construction of a congruence sub-
group and with a better bound for the index of M. But before, let us recall the “discrete
version” of Proposition 2.2 from [8]:

Proposition 2.8. (cf. [8], Propositions 2.2 and 2.6) Let F' be the free group on the set X,
|X| > 2, and let F/N be a finite quotient of F. Pick a prime p not dividing the order of
F/N and set M = NPN'. Then:

1. The image of every normal abelian subgroup of F/M through the natural projection
F/M — F/N, is trivial.



178 D.E.-C. Ben-Ezra, A. Lubotzky / Journal of Algebra 500 (2018) 171-192

2. If N C FjF§, v,y € X, x #y, then the image of the centralizer Zpn ([y, x] - M)
through the natural projection F/M — F/N, is ([y,x] - N).

Theorem 2.9. Let H be a finite index normal subgroup of G = Aut(F5) such that
Inn (Fy) < H < Aut’ (Fy) = Inn(Fy) x {(a, ) and let n = [Aut’ (F3) : H]. Then for
every prime p t 6n, there exists an explicitly constructed normal subgroup M <1 Fy of
index dividing 144 - n* - 367" +1 such that G (M) < H.

Proof. Recall the map 7 : F» O A — («a, ) from the proof of Lemma 2.4, and let
ty = 1,1ty =z, t3 = y, t4 = xy be the system of representatives of right cosets of A in
F5. Denote also K = H N {a, §) and define:

4
N = FE () o7 ()9 = BES ()67 (),
geF> i=1

M = FyFy N N'NP

?:1 t7'r=1 (K)t; is a normal subgroup

Then 7~ (K) is a subgroup of index n in A and
of Fy of index dividing n* in A, and of index dividing 4n* in Fy. So as F3Fy is of index
9 in A, N is a normal subgroup of index dividing 36 - n* in F,. Thus, by the Schreier
formula, the index of N’NP in F, divides 36 - n* -p36'”4Jrl and the index of M in Fj is
dividing 4 - 36 - n* - p3¢7"+1. So it remains to show that G (M) < H.

Let 0 € G(M). As M < F}F} we have:
G (M) < ker (G — Aut (F»/ (F3FY))) < Aut’ (Fy) = Inn (F») % (o, B)

and therefore we can write o = Inn (f)-6 for some f € Fy and 0 € («, 8). By assumption,
o acts trivially on Fy/M and thus § acts on Fy/M as Inn (f_l). Now, as a and f fix
[y, z], we deduce that so does ¢. Thus, f-M € Zp, a ([y, ] - M) and by Proposition 2.8,
f+N € {[y,z] - N). Hence, § acts on the group Fo/M as Inn ([y,z]" - n) for some r € Z
and n € N. Therefore, § acts on A/M as Inn (e} -n) for some r € Z and n € N. So,
dactson 7 (A) /7 (M) =A/ (M -kern) as Inn (7 (e} - n)) for some r € Z and n € N.
But ey € kerm, so ¢ acts on w (A) /7 (M) as Inn(w(n)) for some n € N. Now, by the
definition of N, 7 (N) C K and also 7 (M) C K'K?,s0 § acts on 7 (A) /K'K? as Inn (k)
for some k € K. Moreover, by the definition of 7 we have 7w (A) = («, 3) and by the
computations we made in the proof of Lemma 2.4, ¢ acts on («, 3) as Inn (§). Thus,
there exists some k € K such that Inn (8) - Inn (k)" acts trivially on (o, 8) /K'KP?, i.c.
§-k—t € Z({a, B) /JK'KP). Now, by the first part of Proposition 2.8, as Z ({a, 8) /K'KP)
is an abelian normal subgroup of («, ) /K’'KP it is mapped trivially to {(a, 8) /K. Le.
§-k“' € K,soalsod € K C H. Thus, 0 = Inn(f) -0 € H, as required. 0O
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3. The CSP for ®,

In this section we will prove Theorem 1.2, and will show that the congruence kernel
of the free metabelian group on two generators is the free profinite group on a countable
number of generators.

Before we start, let us observe that for a group I', one can also ask a parallel congruence
subgroup problem for G = Out (T"). Le. one can ask whether every finite index subgroup
of G contains a principal congruence subgroup of the form:

G (M) = ker (G — Out (T'/M))

for some finite index characteristic subgroup M < I'. When T is finitely generated, this
is equivalent to the question whether the congruence map G — Out(f’) is injective.
Moreover, it is easy to see that Lemma 2.3 has a parallel version for GG, namely, if H < G
is a congruence subgroup of G, then:

ker(G — Out(I')) = ker(H — Out(I)).

We start now with the next proposition which is slightly more general than Lemma
3.1 in [8]. Nevertheless, it is proven by the same arguments:

Proposition 3.1. (cf. [8], Lemma 3.1) Let T be a finitely generated residually finite group

such that ' has a trivial center. Considering the congruence map Oﬁ) — Out(f‘), we
have:

C (I) = ker(Aut (T) — Aut(D")) 2 ker(Out (T') — Out(T)).

It is well known that ® is a residually finite group (cf. [4], Theorem 2.11). Tt is also
proven there that Z(®,) is trivial (proposition 2.10). So by the above proposition:

o — o —

C (D3) = ker(Aut (D) — Aut(D2)) = ker(Out (®y) — Out(dy)).
In addition, it is an old result by Bachmuth [3] that the kernel of the surjective map:

ker (Aut (®2) — Aut (®2/®h) = Aut (Z°) = GLy (Z)) = Inn (®2)

1 2 1
ie., Out (P2) = GLy (Z). Now, the free group <<O 1) , <2 (1)>> is a congruence

subgroup of Out (®3) as it contains:
ker (Out (®2) — Out (®2/P45®3)) = ker (GLa (Z) — GLy (Z/AZ)).

So by the appropriate version of Lemma 2.3 and by Proposition 3.1, we obtain that:
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C (@) = ker(Out (B2) — Out(®,))

= ker(GLy (Z) — Out(®,))

1 2 1 0 -
= ker <<O 1>,<2 1)>%Out(@2)
1 2 10 .
Now, as<<0 1>,<2 1>>1safree group, we can also state that:

C () = ker <<(1) f)(; (1)>>—>Out(<i>2) (3.1)

=~ ker((a, B) — Aut(F) — Aut($s) — Out(ds))
where « and (8 are the automorphisms of Fy that we defined in the previous section,

0 1 2 1
respectively. So all we need to show is that:

1 2 1
which are preimages of ( ) and ( O) under the map Aut (F) — GL2 (Z),

Lemma 3.2. C (®,) = ker(m — Out(®y)) = F,.

1 2 1 0
Proof. As the free group < ( 0 1) , (2 1 ) > is a congruence subgroup of the group

Aut (Z?) = Out (Z*) = GL3 (Z), we have:

-

O(2) = ter <<; 3),(; g>>%0ut@2>

—

— ker(<a,ﬂ> — Out(ZQ))

= ker({a, B) — Aut(®2) — Out(dsy) — Out(Z?) = Aut(22)).

Thus, if we denote: C' = ker(m — Aut(®5)), then using equation (3.1), we have:
C < C(92) < C(Z?*). Now, if we consider the action of dy on B = ker(®y, — 72)
by conjugation, then as &, is abelian, we actually obtain an action on @, as a
Z|®y/®) = Z[Z2]-module, which is generated by the element [y, 2] as a Z[Z2]-module,
since (z,y| [y,x] = 1) is a presentation of Z2?. Moreover, as we observed previously, «
and f3 fix [y, ]. Therefore, C' (Z?) acts trivially not only on &, /®l, = 72 but also on P},
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Let us now make the following observation: if o, 7 are two automorphisms of a group I
which act trivially on I'/M and on M, where M < T is abelian, then o and 7 commute.
Indeed, if g € T, then o (g) = g - m and 7 (g) = g - n for some m,n € M, and thus:

T(o(g9)=7(g-m)=g-n-m=g-m-n=0(g-n)=0(r(g)).

The conclusion from the above observation and from the previous discussion is that
C (Z?) /C is abelian, and thus, C (Z?) /C (®,) is also abelian. Finally, C' (Z?) is known
to be isomorphic to E, [20,15]. Moreover, by Proposition 1.10 and Corollary 3.9 of [17]
every normal closed subgroup N of F,, such that F, /N is abelian, is also isomorphic to
F,. Thus, C (Pq) = F, as well, as required. 0O

Remark 3.3. Our proof of Theorem 1.2 is shorter than the one given in [/], but the latter
gives more information. We show here that C (Z?) /C (®2) is abelian, while from [4] one
can deduce that, in fact, C (®3) = C (Z?). See §5 for more.

4. The CSP for &3

In this section we will prove Theorem 1.3 which claims that C (®3) contains a copy
of E,. Let us start by showing that Aut (®3) is large:

Proposition 4.1. The group Aut (®3) is large, i.e. it has a finite index subgroup that can
be mapped onto a non-abelian free group.

Proof. The proof will follow the method developed in [13] to produce arithmetic quo-
tients of Aut (F,). Denote the free group on 3 generators by F3 = (x,y,2), and the

xr
cyclic group of order 2 by Cy = {1, g}. Define the map 7 : F3 — Cy by: 7 = { !1},
Y,z

and denote its kernel by R = kern. Then, using the right transversal T = {1,z}, we

1

deduce by Theorem 2.5 that R is freely generated by: x2, y, xyz~!, z, zzz~'. Thus,

R = R/R' =77 is generated as a free abelian group by the images:

vy =122, v9 =7, v3 = xyr— L, v4 = Z, vs = zzx L.

Now, the action of F3 on R by conjugation induces an action of F3/R = Cy = {1, g} on
R = R/R’, sending:

v =g’ o2 = 10000
vy =Y a? (wyzl) e =ayz! =wus 0010 0
g—=Sus=ayr~! =7y =v, =|0 1 0 0 0]|=B
vy =z 2 (zza )22 = xzz=! =y 00001
1. . = 00 0 1 0
vy =xzx Tl 2 =y
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The above matrix has two eigenvalues A = +1 and the eigenspaces are:

Vi = Sp{vi,v2 +vs,v4 +vs}
V,1 = Sp {1)2 — V3,V4 — 1)5} .

Recall, @3 = F5/F4, and as F3/R is abelian, F3/R’ is metabelian. Thus, we have a
surjective homomorphism: ®3 — F3/R’. Denote now: S = R/Fy, so we can identify:
F3/R = ®3/S, F3/R' = ®3/S" and R = R/R' = S/S" = S. So as before, ®3/S = C;
acts on S by the matrix B.

Denote now G (S) = {0 € Aut (®3) | o (S) = S}. It is clear that G (S) is of finite index
in Aut (®3) with a natural map: G (S) — Aut (S) which induces a map: p : G(S) —
Aut (S) = GL5 (Z). We claim now that if o € G (S) then p () commutes with B. First
observe that there exists some s € S such that o (x) = sz (x now plays the role of the
image of x under the map F3 — ®3). Now, let ¢t € S, and remember that the action of
B on S is induced by the action of z on S by conjugation. So:

o(z ' tx) =0 (x) o (t)o (z) =
=z s o (t) sz =

= (:L“_lsrf)71 (z7'o (t) z) (z7 " sz)
and hence:
(p(0) - B) (t) = o (z7tz) =

= (x—lsx)_l (z7lo (t)z) (z=tsx) =

=alo(t)z=(B-p(a)) ().

Therefore, p (G (S)) commutes with B. It follows that the eigenspaces of B are invariant
under the action of G (.5). In particular, we deduce that V_; is invariant under the action
of p(G (S)). Thus, we obtain a homomorphism v : G (S) — Aut (V_1 N S) = GLs (Z).

Consider now the following automorphisms of Aut (®3) (z, y, z play the role of the
images of z, y, z under F3 — ®3):

xXr — X €T +— X
a=qy— y , B=qy—~ yz

z 2y Z oz

So a, 8 € G(S) act on V_1 = Sp{uy = vg — v3, ug = vg — v5} in the following way:

a(u)) =a (y— xyx—1> =y —xyr—! =u;

a(uz) =« (E - xzx—l) =zZ+y—aza~l —zyr~t =us +wuy



D.E.-C. Ben-Ezra, A. Lubotzky / Journal of Algebra 500 (2018) 171-192 183

Bur) =p (? - fcyx’l) =y+ZzZ—ayr— ! —xzza—l =u; +us

5(“2)25@—:521:*1) =% —zzr ! =uy

Therefore, under the map v : G(S) — GL3(Z) we have: @ — (1) 1 and

1 0 . . 1 2 10 .
8 — (1 1>. Thus, the image of G (S) contains <<0 1>,<2 1>> which

is free and of finite index in GLy(Z). Finally, if we denote the preimage H =

p! << ((1) i) , (; (1)> >>, then H is a finite index subgroup of Aut (®3) that can

be mapped onto a free group, as required. O
Let us now continue with the following definition:

Definition 4.2. We say that a group P is involved in a group @, if it isomorphic to a
quotient group of some subgroup of Q.

It is not difficult to see that if a finite group P is involved in a profinite group @, than
it is involved in a finite quotient of ). Now, we showed that Aut (@3) has a finite index
subgroup H which can be mapped onto Fb. Thus we have a map: H - Fy, but as Fy is
free, the map splits, and thus H and hence Aut (@3), contains a copy of Fy. Thus, any

finite group is involved in Amg). On the other hand, we claim:

Proposition 4.3. Let P be a non-abelian finite simple group which is involved in Aut(&)g).
Then, for some prime p and some d € N, P is involved in SLg (pd), the special linear
group over the field of order p®.

Proof. Let F}, be the free group on z1,...,z,. Then there is a natural injective homo-
morphism from Fj, into the matrix group:

g 0 - ,
{(t 1) IgeFmteZZ[Fn]tz}
=1
xi»—><ti 1>71§ZSTL

where ¢; is a free basis for a right Z [F,,]-module. This is called the Magnus embedding.

defined by the map:

Usually, its properties are studied by Fox’s free differential calculus, but we will not need
it here explicitly (cf. [6,25,18]).
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One can prove, by induction on its length, that for a word w € F,,, under the Magnus

embedding, w — n v 0 where:
Zi:l witi 1

w—1=Y (zi—1)w: (4.1)

i=1

The identity (4.1) shows that the polynomials w; determine the word w uniquely. Thus,
we have an injective map (which is not a homomorphism) J : End (F,,) — M, (Z[F,))
defined by:

a(z), - ala),

It is not difficult to check, using the identity (4.1), that the above map satisfies:
J(aof)=J(a) a(J(B))

where by a (J(f8)) we mean that « acts on every entry of J (§) separately.
Now, for m € N, denote: K,,,,, = F)*F,, and Z,, = Z/mZ. Then, the natural maps
F, — Fo/Kym =77, and Z — Z,, induce a map:

n
g 0
: F, F, EZF ;
7Tn7m n_>{<t 1>|9€ nate [n]tz}

=1

g 0 ¢
VAR Do |20 18 S
—>{<t 1)Ige J 6;21 Z,] }

It is shown in [4, Proposition 2.6], that ker (7, m) = K}, K},
Im (7,,m) = F /K], K], .- Moreover, it is proven there (Proposition 2.7) that we have

and hence ®,, ,,, :=

the following equality:
(i)n = @m¢n,m-

Observe now that for every mg|mi, ker (®y, m, — ®p m,) is characteristic in @, py,,
and for every m, ker(i)n — ®,, ) is characteristic in ®,,. Thus:

Aut(®r,) = Aut(lim, ;) = limy, Aut (S, ) -

Now, observe that the identity (4.1) is also valid for the entries of the elements of ®,, ,,
and thus, every element of ®,, ,, is determined by its left lower coordinate. Therefore,
as every automorphism of @, ,,, can be lifted to an endomorphism of F,,, we have an
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injective map (which is not a homomorphism) Jy, : Aut (D, ) — My, (Zy, [Z7]) which
satisfies the identity:

Im (a © B) =Jm (a) e (Jm (5))

where the action of @ on Z,, [Z}] = Zy, [F, /K, ] is through the natural projection
B 2 Fo /K KL = Ff K 70,

We denote now KA (P, .,) = ker (Aut (Prm) — Aut (Ppm/Kpnm)). Observe, that as
KA (®y,,m,) acts trivially on @, p, /Ky m = Z7,, the map J,, gives us a homomorphism,
which is also injective, as mentioned above:

i + KA(®nm) = GLyn (Zm [Zy,]) -

Now, if P is a non-abelian simple group which is involved in Aut(@g), then it
must be involved in Aut (®3,,) for some m. Thus, it must be involved either in
Aut (3 /K3 m) = GL3 (Zy,) or in KA(®3,,) < GL3 (Zm [an]) So it must be in-
volved in GL3 (R) for some finite commutative ring R. As every finite commutative ring
is artinian, it can be decomposed as:

R = R1 X ... X Rl
for some local finite rings Ry, ..., Ry, so:
GLs (R) =GLs (Rl) X ...xGLg (Rl)

and thus P must be involved in GLg (R) for some local finite commutative ring R. Denote
the unique maximal ideal of R by M < R. As R is a finite local Noetherian ring, it is
well known that M" = 0 for some r € N.

Note now that if S, T <1 R for some commutative ring R, and

[+ Acker (GLs (R) — GLs (R/S))

when I denotes the identity element in GL3 (R), then
[+ A,I+ B] €ker(GL3(R) — GL3(R/ST)).

Indeed, if +C = (I+A) " and I+D = (I + B)™" then, as AB = CD = AD = BC =
0 (mod ST) we have:

I+ AI+Bl=(I+A)I+BI+C)I+D)=
=I1+AC+A+BD+ B+C+D (modST)
=TI+ +A)(I+C)—I+I+B){I+D)—1I=1I (modST).
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With the above observation we deduce that for every k > 1, the kernel of the map
GL3 (R/M*1) — GLs (R/M¥) is abelian. So, P must be involved in GL3 (R/M) =
GLs3 (pd) for some prime p and d € N. Finally, using the fact that GL3 (pd) /SLs (pd) is
abelian, we obtain that P is involved in SLgz (p?), as required. O

Corollary 4.4. There exists a finite simple group which is not involved in Aut(@)g).

Proof. By the proposition above, it is enough to show that there is a finite simple
non-abelian group which is not involved in SLg (pd) for any prime p and d € N. Now,
by a theorem of Jordan, there exists an integer-valued function J (n) such that for every
field F, char (F) = 0, any finite subgroup of GL,, (F) contains a normal abelian subgroup
of index at most J (n). As a corollary of this theorem, Schur proved that the same holds
(with the same function) for any finite subgroup Q < GL,, (F) with char (F) = p > 0,
provided p 1 |Q| (cf. [26] chapter 9). Clearly, the same holds for any group which is
involved in such a finite group @.

We claim that for n large enough, Alt (n) is not involved in SLj (pd) for any p and d.
Indeed, fix two different primes ¢; and ¢, larger than J (3). Then, for n sufficiently large
(e.g. n > ¢?) the g;-sylow subgroup S; of Alt(n) is non-abelian (since Alt(n) contains
the non-abelian g;-group of order ¢3) and every subgroup of S; of index < .J (3) is equal
to S;, so also non-abelian. If Alt (n) were involved in SLj (pd) then for at least one of
the ¢;, ¢; # p, a contradiction. O

Corollary 4.5. The congruence kernel C' (®3) contains a copy of E,.

Proof. The immediate conclusion of Corollary 4.4 is that Aut(fi)g) does not contain a
copy of Fy. Thus, the intersection of C (®3) and the copy of Fyin Amg) is not trivial.
Thus, C (®3) contains a non-trivial normal closed subgroup N of Fy. By Theorem 3.10
in [17] it contains a copy of F,, as required. O

5. Remarks and open problems

We end this paper with several remarks and open problems. Denote the free solv-
able group of derived length r on 2 generators by @5 ,. By combining the results of [9,
Theorem 1] and [14, Theorem 1.4] we have:

ker (Aut (®2,) — Aut (ZQ) =GLy (Z)) = Inn (®2,)

for every r, i.e. Out (P2 ,) = GLs (Z). So by the same arguments as in §3 we have:

o —

C (®2,) = ker({e, B) = Out(®y,,.)).

As Out(<i>27r+1) is mapped onto Out(@gﬂ.), we obtain the sequence:



D.E.-C. Ben-Ezra, A. Lubotzky / Journal of Algebra 500 (2018) 171-192 187

C(Z?) = C(P21) = C (D3) = C (Pa2) > C (D3) >
>

(Bog) > ...>C (Do) > ...

and a natural question is whether the inequalities are strict or not. An equivalent refor-
mulation of this question is the following: the cosets of the kernels

ker(GLy (Z) = Out (®3,) — Out (2,,/K))

for characteristic finite index subgroups K < ®,, provide a basis for a topology % (r)
on GLs (Z), called the congruence topology with respect to @5 ., which is weaker (equal)
than the profinite topology % of GLs (Z), and stronger (equal) than the classical con-
gruence topology of GLs (Z). The latter is equal to € (1). So, the question above is
equivalent to the question whether these topologies are strictly weaker than %, and
whether the topology € (r), for a given r, is strictly weaker than € (r + 1).

For example, Theorem 1.1 which states that C (Fy) = {e} is equivalent to the state-
ment that the congruence topology which Out(Fy) induces on Out (Fy) = GLo (Z) is
equal to the profinite topology of GLs (Z).

Considering Theorem 1.2 we deduce that € (2) & .#, but with the proof we gave here
one can not decide whether ¢ (1) = € (2) or € (1
decide whether C (Z?) = C(®3) or C (Z*) = C(
surprisingly, that:

) & € (2). Equivalently, we can not
®5). But, in [4] it was shown quite
Theorem 5.1. € (1) = € (2), or equivalently C (Z*) = C (®3).

The proof in [4] suggested to conjecture that & (1) = € (2) = € (r) for every r. But,
the explicit construction of a congruence subgroup we gave in §2 gives a counterexample:

Proposition 5.2. ¢ (1) & € (r) for every r > 3. Equivalently C (Z?) Z C (®2,) for every

r>3.

0 1 2 1
[24], for every p # 2, G'GP is not a congruence subgroup of GLs (Z) in the classical

1 2 1
Proof. Denote G = < ) < O>> < GL5(Z). Then by a theorem of Reiner

manner, i.e. G'GP ¢ € (1). On the other hand, applying the explicit construction given
in Theorem 2.9, we obtain a finite index normal subgroup M < F5 such that Fy/M is
of solvability length 3 such that':

ker (Out (Fy) = GLs (Z) — Out (Fy/M)) < G'GP.

1 We remark that if one wants M to be characteristic, all we need to do, is to replace M by
Nocaut(r,) @ (M), and this procedure does not change the solvability length of F/M.
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This shows that G'GP is a congruence subgroup of G Lo (Z) with respect to the congruence
topology induced by Out(@;g). Equivalently, € (1) S € (3) or C (Z*) Z C(®23), as
required. O

The proposition suggests the following conjecture:

Conjecture 5.3. C'(®3,,) 2 C (P2,41) for every r > 2, or equivalently € (r) G € (r +1).
In particular, C (®2,.) # {e} = C (F2) and € (r) # F for every r.

We should remark that we do not even know to decide whether C' (P2 ,) # {e} for
r > 3, i.e. we do not know if the congruence subgroup property holds for ®5 , for r» > 3
or not. Note that our proofs of Theorems 1.2 and 1.3 claiming that ® = ®3 = ®5 5 and
® = &3 do not satisfy the CSP were based on two facts:
1. Aut (®) is large, and hence every finite group is involved in Am), and
2. not every finite group is involved in Aut(®).

Now, for ® = &4, the free solvable group on d > 2 generators and solvability length 7,
part 2 is valid for 1 < r < 2 and every d (with the same proof as for d = 3 in §4). But,
as C (Pg41) = {e} for every d > 3, and C (®y42) is abelian for every d > 4 (cf. [5]), part
1 is not valid in these cases. On the other hand, for ® = &5, or ® = &3, part 1 is still
true for every r > 2 but not part 2. In fact, we have:

Proposition 5.4. Let ®4, be the free solvable group on d > 2 generators and solvability
length r. Then if r > 3, then every finite group H is involved in Aut(‘i)d,r).

Proof. By the same arguments of [16, 5.2], it can be deduced from Gaschutz’s Lemma
that for every surjective homomorphism 7 : ®4, — I' where I is finite, the homomor-
phism

Aut(dy,) > {a € Aut(®y,) | o (kerm) = kem} ~ Aut (T)

is surjective. Thus, for proving our proposition it suffices to show that ‘i)d,r has a finite
quotient T such that H is involved in Aut (T'). Now, by Cayley’s Theorem, H is a sub-
group of Sym (n — 1) for some n and the later is a subgroup of SL,, (p) for every prime p.
Thus, the next lemma due to Robert Guralnick, finishes the proof of the proposition. O

Lemma 5.5. For every n > 2, there exists a prime p and a finite group I' generated by
two elements and of solvability length three, such that SL, (p) is involved in Aut(T).

Proof. Fix a prime r such that » > n + 1. Using Dirichlet’s Theorem, pick a prime p
such that r divides p — 1. Consider now the general affine group:
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A:AGLl(r):{<Z 2) |aeF:,beF,}:F,w:.

Then A is of order r (r — 1). In addition, as r| (p — 1), F,, contains the unit roots of order
r, fix one of them & # 1, and consider the diagonal matrix:

& - 0
D=|: .t [€GL_1(p).
0 ... ¢t

Now, we can embed A in GL,_; (p) by sending an element b € {0,...,r — 1} =TF, to the
diagonal matrix D” (giving rise to a subgroup N = {D"|b € F, }) and an element a € F;
to the permutation matrix which normalizes N, sending D® to D**. So A has a module
V of dimension r — 1 over F,,. Now, every A-submodule of V' is also N-submodule. The
N-submodules are direct sums of different one dimensional N-modules, the eigen-spaces
of D', on which F? acts transitively. We deduce that V is an irreducible module.

Denote now W = @::_EV and using the obvious action of A on W, define: ' = W x A.
We claim that I" is generated by two elements. By the description above, it is clear why
A is generated by two element, one of them is D € F,. and we denote the other one by
S € F%. Let us now define

— -,

D' =((é1,...,&—2),D), 8" =((0,...,0),5) e W x A

where {€1,...,¢€._1} is the standard basis of V. For a 1 < j < r — 1 denote n = &/.
Note, that for every 1 < k < r—2, 14+n+...+79" = % # 0. It follows that
D'F = ((0n€1,...,p—26,_3), D¥) where 0 # o; € F,, for every 1 < k < r—2. Now, there
is a power S! of S, 1 <1 < r —2, which sends é,_; to ;. We have also S'!DS~! = D" F

for some 1 < k <r — 2. Thus, for some 0 # «; € F),, we can write:
w = S/lD/Sl—lD/k‘
= ((0,...,0),8H((€1,...,&_2), D)(O0,...,0), S (a1, .., ar_28_3), D¥)
= ((S"(€1),...,5"(&r-2)), S'DSTH (&1, . . ., p—2Er—2), D)
= (SY &) + D" *(ér),..., S E—2) + D" F(ay_28,_2),I) €W.
Now, as S! sends é,_ to €], € does not appear in any entry of w except the first one.

Observe now, that the diagonals of D°,..., D"~2 considered as column vectors of
V= F;_l, form a basis for V' as the matrix:

£ . 5r72
52 ... 52(“2)

1 i A )
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is a Vandermonde matrix, and therefore invertible. Thus, there is a linear combination

S =
o o

C=pD+...4+ B, 2D 2= | . i |, Bi el

Now, observe that D’ acts on W by conjugation via the action of D on V. Thus, we
obtain an action of C on W via its action on V, in which C (w) has 0 in every entry
except the first one. This shows, as V is irreducible, that the first copy of V in W is
inside the group generated by D’ and S’. In a similar way, all the r — 2 copies of V are
generated by D’ and S’ so I is generated by two elements.

Now, A x SL._s(p) acts on W = @Z;IQV =V ]FIT,’2 in an obvious way. Thus
I'=W x Aisnormal in W x (A X SL,._5(p)), so SL,_5 (p) is involved in Aut (T"), and
soas SLy (p). O

Let us remark that while we do not know the answer to the congruence subgroup
problem for free solvable groups on two generators and solvability rank r (unless r = 1
or 2), the situation with free nilpotent groups on two generators is easier:

Proposition 5.6. For every free nilpotent group on two generators I', the congruence ker-
nel contains a copy of E, - the free profinite group on countable number of generators.

Proof. It is known that if I is a pro-nilpotent group, then the kernel of the map Aut(I') —
Aut(T'/T7) is pro-nilpotent (cf. [16], 5.3). Thus, if T'is a free nilpotent group (of arbitrary
class) then by similar arguments as we brought previously, there exists a finite group
which is not involved in Aut(f‘). On the other hand, if T" is free nilpotent group on
two generators, then Aut (') is large, as it can be mapped onto GLs (Z).? Thus, Fy is
a subgroup of Am) and C (I') N Fy is non-trivial, hence contains a copy of F, (cf.

17). O

Our last remark is about the CSP for subgroups of automorphism groups. Considering
the classical congruence subgroup problem, one can take G to be a subgroup of GL,, (R)
where R is a commutative ring, and ask whether every finite index subgroup of G contains
a subgroup of the form ker (G — GL,, (R/I)) for some finite index ideal I <1 R. This
direction of generalization of the classical CSP has been studied intensively during the
second half of the 20th century (cf. [22,23]). One can ask for a parallel generalization
for automorphism groups or outer atomorphism groups. lLe. let G < Aut (") (resp.
G < Out (T)), does every finite index subgroup of G contain a principal congruence

2 In general, the kernel of the map Aut (I') — GLs (Z) strictly contains Inn (T') (cf. [10,1]).
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subgroup of the form ker (G — Aut (I'/M)) (resp. ker (G — Out (I'/M))) for some finite
index characteristic subgroup M < TI'?

Now, let m, ., be the fundamental group of Sy ,,, the surface of genus g with n punc-
tures, such that x (Sg.,) = 2—2¢g—n < 0. Then, there is an injective map of PMod (Sy ),
the pure mapping class group, into Out (my,,) (cf. [12], chapter 8). Thus, one can ask
the CSP for PMod (Sg,,) as a subgroup of Out (y,,). Considering the above problem,
it is known that:

Theorem 5.7. For g =0,1,2 and every n > 0, PMod (S, ) has the CSP.

The cases for g = 0 were proved by [11] and in [19], the cases for g = 1 were proved
by [2], and the cases for ¢ = 2 where proved by [7]. It can be shown that for every
n >0, g n = Fogin—1 = the free group on 29 + n — 1 generators. Thus, the above cases
give an affirmative answer for various subgroups of the outer aoutomorphism group of
finitely generated free groups. Though, the CSP for the full Out (Fy) where d > 3 is still
unsettled.
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